In this work, we investigate a possibility of using the ratio between optical transmission, T, and energy stored inside the system, E, as a quantitative measure of the enhanced mesoscopic corrections to diffusive transport of light through a random medium with gain. We obtain an expression for T / E as a function of amplification strength in the diffusive approximation and show that it does not a have tendency to diverge when the threshold for random lasing is approached, as both T and E do. Furthermore, we find that a change in T / E signifies a change in the electric field distribution inside the random medium. In the localization regime, we also investigate the correlations between transmission and energy stored in the medium with and without amplification. Our results suggest that T / E is a promising parameter which can help characterize the nature of wave transport in random medium with gain.
I. INTRODUCTION 
Anderson localization
1 ͑AL͒ is a wave phenomenon [2] [3] [4] that leads to a breakdown of diffusion. 5, 6 First conceived in electronic systems, it originates from a repeated selfinterference of de Broglie waves during their propagation in a random potential. Conservation of number of carriers, enforced because the electrons possess an electric charge, lies in the foundation of the concept of AL. Understanding the effect of absorption, 3 ubiquitous in optical systems, turned out to be essential for proper physical description and interpretation of experimental studies of light localization. [7] [8] [9] [10] [11] [12] It also prompted the search 10 for an alternative criterion of localization in absorbing media. Coherent amplification, which can lead to a phenomenon of random lasing, 13 demands further refinement of the concept of AL and its criteria in active random media.
In the case of absorption, an alternative criterion, based on the magnitude of fluctuations of transmission normalized by its average, was put forward. 10 In random media with gain, this quantity ͑as well as any other statistically averaged quantity͒ becomes ill defined.
14 This is because there always exists a nonzero probability of encountering a special realization of disorder within the statistical ensemble where the given value of the gain parameter exceeds the threshold for random lasing. 13 Without saturation effects, such a realization will have an infinite contribution to a statistical average. Inclusion of the saturation introduces a dependence on system-and material-specific parameters which are not associated with wave-transport properties of the random medium. To avoid such dependence, and at the same time to regularize the statistical ensemble, in Ref. 14 we introduced conditional statistics by excluding the diverging contributions. Such an approach indeed turned out to be fruitful in studies of enhanced fluctuations and correlations in mesoscopic transport of the electromagnetic waves through random medium with optical amplification. [14] [15] [16] These investigations also motivated us to explore an intriguing possibility of localization by gain-enhancement of the mesoscopic phenomena with an increase in the amplification strength.
In this work, we investigate the properties of the ratio between transmission T and the energy inside a random medium E, with the goal of formulating a criterion of AL which would be applicable in the presence of gain. Both parameters should be experimentally accessible in planar systems, e.g., perforated dielectric films, in which the spatial field distribution inside the medium can be obtained via near-field scanning optical microscopy.
In Sec. II, to motivate our choice of the parameter in the form T / E, we consider random medium in regime of diffusive transport. First we note that when taken separately, both transmission and the energy inside the system E exhibit an expected tendency to increase with an increase in the gain strength and to diverge when threshold for random lasing is approached ͑no saturation mechanism is assumed͒. However, when taken in a form of a ratio, the divergence is eliminated and the tendency to increase is greatly reduced. Second, we show that in passive systems the ratio can be related to the spatially dependent diffusion constant D͑z͒. The latter concept has been recently invoked 17, 18 in the self-consistent theory of AL to extend the applicability of diffusion approximation into the localized regime. The connection between T / E and D͑z͒ demonstrates that the former can, indeed, be used as a quantitative measure of the contribution of localization ͑interference͒ phenomena in transport through disordered systems.
In Sec. II D, we obtain an expression for T / E from the solution of the diffusion equation in a random medium ͑us-ing the slab geometry͒ with gain. This establishes a baseline-a decrease in the parameter T / E below the diffusion prediction obtained in this section can be used to quantify the extent to which the gain promotes the localization effects.
In order to further assess the usefulness of T / E as a localization criterion, in Sec. III we also consider random medium in the localized regime where we investigate the correlations between the transmission and stored energy in the same disorder configuration. We show that the ratio strongly depends on the spatial location of localization center. This introduces an additional ͑geometrical͒ source of fluctuation which is not present in the transmission coefficient alone. Interestingly, this effect leads to profound gain-induced modification of the electric field distribution inside the system that is studied in Sec. III D. Discussion of the obtained results and an outlook is given in Sec. IV.
II. ANALYSIS OF T Õ E: DIFFUSIVE REGIME

A. Model description
In weakly scattering random media, it is common to disregard the wave nature of carriers ͑electrons, photons, etc.͒ and to describe the transport in terms of the phaseless diffusion equation. Under this condition, the ensemble-averaged diffusive flux ͗J͑r , t͒͘ and the energy density ͗W͑r , t͒͘ are related via 19 ͗J͑r,t͒͘ = − D͑r͒ ١ ͗W͑r,t͒͘. ͑1͒
The diffusion approximation amounts to D͑r͒ϵD 0 = v E ᐉ / 3, where ᐉ is transport mean free path and v E is the energy transport velocity. 20 In the following we will neglect resonant scattering effects and will assume that v E is equal to the speed of light in vacuum.
Vollhardt and Wölfle 5 laid out a theory which allows one to account for wave interference effects while retaining diffusivelike formalism. With recent refinements, 17, 18 it is currently believed that allowing for renormalization and spatial dependence of the diffusion coefficient D͑r͒ provides an adequate description of transport through random medium of finite size even beyond the diffusive regime. At the same time, deviation ͑reduction͒ in D͑r͒ from the constant value of D 0 is interpreted as a manifestation of the developing localization effects.
Equation ͑1͒ has to be complemented by the energy conservation condition ‫͗ץ‬W͑r,t͒͘
where l g is gain length and we assume that the coherent flux of an incident plane wave is converted into diffusive flux J 0 at z = z p ϳ ᐉ, the penetration depth, 21 near the left boundary. The above description can be similarly applied to both for the scalar ͑e.g., acoustic͒ waves with W͑r , t͒ = ͑r͉͒d͑r , t͒ / dt͉ 2 / ͑2c 2 ͒ + ͉١͑r , t͉͒ 2 / 2 and the electromagnetic waves with W͑r , t͒ = ͑r͉͒E͑r , t͉͒ 2 / 2+͉H͑r , t͉͒ 2 / 2.
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In the former case, c / 1/2 ͑r͒ has the physical meaning of local propagation speed of the elastic wave field ͑r͒ and in the latter, ͑r͒ is the dielectric function and E͑r , t͒, H͑r , t͒ are the electric and magnetic fields.
Throughout this work, we consider the case of linear gain. Such an approximation is justified for values of gain up to the threshold for random lasing when nonlinear and dynamical effects 13, [22] [23] [24] [25] become crucial. We consider a three-dimensional ͑3D͒ random medium in the shape of a slab of thickness L, where we explicitly separate the coordinate z normal to the slab from the perpendicular component as r = ͑ , z͒. Under a plane-wave illumination at normal incidence, the dependence on can be neglected. In this case J z ͑z͒ should be understood as the longitudinal component of the flux per unit of cross-sectional area of the slab. We will also limit our consideration to a continuous wave ͑cw͒ regime where the energy density W͑z͒ is stationary: ‫͗ץ‬W͑z͒͘ / ‫ץ‬t = 0. Under the above assumptions, the boundary conditions
together with Eqs. ͑1͒ and ͑2͒ completely specify the problem.
B. Asymptotic behavior of T Õ E: Passive system limit
In Appendix A, we demonstrate that Eqs. ͑1͒-͑3͒ allow one to obtain the following expression for the ratio between T and E in the passive limit 1 / l g → 0,
where the energy stored inside the random medium E is formally defined as
We note that in the process of deriving Eq. ͑4͒, terms on the order of ϳᐉ / L Ӷ 1 were dropped. Equation ͑4͒ establishes a relationship for passive media between the parameter we put forward in this work and the self-consistent diffusion coefficient. As it has been determined theoretically, 5, 17 localization effects lead to a steady slow down of diffusion inside the random medium. Because it results in a monotonic decrease in T / E parameter below its diffusion-predicted value, we conclude that the proposed parameter may indeed be used to assess the importance of the localization corrections in wave transport through disordered media.
Neglecting the localization corrections in Eq. ͑4͒ by assuming D͑z͒ϵD 0 gives the expected result
The quantity D 0 / L 2 coincides with the reciprocal of diffusion time t D -the time required for a pulse to propagate through the slab of random medium. This connection offers a clear physical interpretation of the considered parameter T / E as a characteristic time scale of transport through the medium. The reduction in D͑z͒ Ͻ D 0 leads to an increase in T / E, as expected in passive systems.
C. Asymptotic behavior of T Õ E: Strong gain limit
Under the assumptions specified in Sec. II A, the integration of Eq. ͑2͒ over the interval z ͓0,L͔ with the boundary conditions given by Eq. ͑3͒ gives
This is essentially an energy conservation condition. Hence, it should be fulfilled in any approximation regardless of whether the interference effects are neglected or fully ac-counted for. We note that in absence of gain 1 / l g → 0, Eq. ͑7͒ reduces to familiar T + R =1 ͓see Eq. ͑3͒ for the definitions of T , R͔. As we will discuss in detail below in Sec. II D, close to some critical value of gain length l g,cr the transmission and reflection coefficients tend to diverge. Importantly, because the contribution of the incident flux to the overall energy density is small, T and R become comparable T Ӎ R ӷ 1. Under such conditions, Eq. ͑7͒ yields
. ͑8͒
This shows that the studied ratio T / E, indeed, remains finite. Its limiting value is directly proportional to the critical gain parameter 1 / l g,cr .
In the next section we will obtain an analytical expression for T / E at an arbitrary value of gain parameter. It will also help justify the approximations ͑such as T Ӎ R above͒ made in arriving to the expressions in this and the previous sections-Eqs. ͑8͒ and ͑6͒, respectively.
D. Intermediate gains
In this section, we investigate the effect of amplification on T / E for an optically thick ͑ᐉ Ӷ L͒ slab of 3D random medium under assumption specified in Sec. II A. We consider a sample with parameters not too close to the Anderson localization transition, 2 i.e., kᐉ ӷ 1, so that the condition D͑z͒ = D 0 can be reasonably well satisfied. A combination of Eqs. ͑1͒ and ͑2͒ results in a stationary diffusion equation
͑9͒
The solution of the diffusion equation for the case of absorption in slab geometry has been obtained in Ref. 21 and 26 . The related gain solution can be directly inferred through formal substitution l a =−l g . Such treatment of gain in a scattering problem has become known as the "negative absorption" model. It has been successfully used to describe turbid amplifying media such as incoherent random lasers. [27] [28] [29] The transmission and reflection coefficients can be directly obtained from the solution in Refs. 21 and 26 by employing the definition of diffusive flux, 19
where ͗J − ͘ and ͗J + ͘ are the fluxes propagating along negative and positive z directions, respectively. Evaluating ͗J − ͑0͒͘ and ͗J + ͑L͒͘ we find the following expressions for reflected and transmitted fluxes:
where z 0 =2ᐉ / 3 ϳ ᐉ is the extrapolation length, 30 and ␣
Ensemble-averaged electromagnetic energy inside the sample can be also determined by integrating the energy density over the entire system, cf. Eq. ͑5͒,
͑13͒
It is easy to verify that energy conservation Eq. ͑7͒ is satisfied. In Figs. 1͑a͒-1͑c͒ we plot Eqs. ͑11͒-͑13͒ for a slab of thickness L / ᐉ = 100. As expected, we observe the divergence of the transmission and reflection fluxes, cf. Fig. 1͑a͒ , when diffusive random lasing threshold ͑RLT͒ is approached ͓␣ → ␣ cr = / ͑L +2z 0 ͒Ӎ / L͔ with an increase in gain parameter ␣ or, equivalently, a decrease in gain length l g toward l g,cr Ӎ 3L 2 / ͑ 2 ᐉ͒. The asymptotic dependence is then
Similar critical behavior is obtained when the system size L is increased toward critical length, L cr ͑␣͒ while keeping the gain parameter ␣ fixed.
In Fig. 1͑b͒ , we also plot the ratios of reflection to energy ͗J − ͑0͒͘ / E ϵ J 0 R / E and transmission to energy ͗J + ͑L͒͘ / E ϵ J 0 T / E obtained from Eqs. ͑11͒-͑13͒. One can observe that both R / E and T / E indeed remain finite at ␣ cr with the same limiting value given by Eq. ͑8͒. Although the leading terms in Laurent series in powers of ͑␣ cr − ␣͒, Eq. ͑14͒, are same for both reflection and transmission, the second order terms ͑not shown͒ are not. This explains different slopes of R / E and T / E in approach to lasing threshold in Fig. 1͑b͒ .
By making assumption that ᐉ / L Ӷ 1, we find a compact analytical expression for T / E with an arbitrary value of gain parameter ␣,
. ͑15͒ Figure 1͑b͒ shows that this approximate expression ͑open circles͒ gives an excellent agreement with the exact results of Eqs. ͑12͒ and ͑13͒. It is also easy to check that the limiting expressions of T / E Eqs. ͑6͒ and ͑8͒ obtained in the previous sections follow immediately from the above expression.
Based on our observations above, we make the following conclusions that will also inform our investigations in the following Sec. III: ͑a͒ sufficiently close to the lasing threshold, the reflection and transmission fluxes diverge and become almost equal, cf. Eq. ͑14͒. This signifies the fact that the system approaches the regime when the gain alone can sustain its energy, without relying on the incident flux; ͑b͒ when normalized by the total energy in the slab defined by Eq. ͑5͒, both R / E and T / E do not diverge when the RLT is approached. Instead, they converge to the finite value of c / ͑2l g,cr ͒ϵ2D 0 / L 2 ϫ ͑ 2 / 4͒, cf. Eq. ͑8͒. Note that the effect of gain is to increase this parameter by a factor 2 / 4 Ӎ 2.5 compared to the value in the passive system, cf. Eq. ͑6͒; ͑c͒ the change in the quantities R / E and T / E is related to modification of the intensity distribution inside the volume of random medium, cf. Fig. 1͑c͒ . When energy density ͗W͑z͒͘ assumes the limiting profile given by the lowest order diffusion mode ͗W͑z͒͘ ϰ sin͑z / L͒ the ratios R / E and T / E saturate; ͑d͒ in Sec. II B we showed, cf. Eq. ͑4͒, that wave interference effects in passive system tend to make the parameter T / E smaller then its diffusion prediction, Eq. ͑6͒. We expect the same trend to continue in random media with gain. Thus, Eq. ͑15͒ plays an important role as it establishes a baseline, with downward deviations from which may be attributed to the enhancement of the wave phenomena.
As we are interested in the interplay between the effects of gain and light localization, in the following we acknowledge the limitations of the diffusive description of this section: ͑i͒ the diffusion approximation ͑no renormalization of diffusion coefficient is assumed͒ fails when wave phenomena such as localization or coherent random lasing become important. Proper treatment of electric field and its phase becomes necessary; ͑ii͒ increase in gain or scattering strength is expected to lead to an increase in fluctuations of both transport coefficients 14 and random lasing threshold. 31 Thus T / E in the form of a ratio between the average values of two quantities will no longer adequately represent the ratio between the transmission T and energy stored Ẽ in any given realization. Instead, it may need to be replaced with ͗T / Ẽ͘ which would account for correlation between two quantities in the same sample; ͑iii͒ with further increase in gain toward RLT, the divergence of fluctuations of T may necessitate the consideration of higher moments ͗͑T / Ẽ͒ n ͘ or, perhaps, its entire distribution; ͑iv͒ at the onset of random lasing, nonlinear and dynamical processes 13, [22] [23] [24] [25] become essential for proper description of the system properties and, thus, a cw quantity such as T / E may no longer be suitable.
III. ANALYSIS OF T Õ E: LOCALIZED REGIME
A. Model description
In this section, we investigate how fluctuations effects ͑i͒-͑iii͒ from Sec. II D influence T / Ẽ. We remind that the tilde is used to denote the transmission and stored energy in the given sample whereas T and E are reserved for the ensembleaveraged quantities. Compared to Sec. II, we consider the other extreme case-the regime of localized transportwhere the fluctuations play the dominant role even in a passive system. For this purpose a one-dimensional ͑1D͒ model is already sufficient. Indeed, long enough 1D systems are necessarily in localized regime and, therefore, the fluctuation effects will be essential even at small values of gain. Despite the reduced dimensionality, there are a number of experimental systems [32] [33] [34] [35] for which the considered onedimensional model is applicable directly. 
͑Color online͒ ͑a͒ Transmission ͗J + ͑L͒͘ ͑dashed line͒ and reflection ͗J − ͑0͒͘ ͑solid line͒ given by Eqs. ͑11͒ and ͑12͒ are plotted for increasing gain ͑thick lines͒ and absorption ͑thin lines͒ coefficients for a slab of random medium of thickness L / ᐉ = 100. In panel ͑b͒ we plot the same quantities as in ͑a͒ but normalized by the value of total energy stored inside random medium E, cf. Eq. ͑13͒. The divergence in the vicinity of RLT is prevented as both curves approach the same limiting value given by Eq. ͑8͒. T / E obtained by evaluating the approximate expression Eq. ͑15͒ is shown with open circles. For the chosen L / ᐉ = 100ӷ 1 the deviation from the exact result is indiscernible. ͑c͒ Diffuse energy density distribution ͗W͑z͒͘ inside the slab of random medium with thickness L / ᐉ = 100 from Eq. ͑13͒. Thick solid line corresponds to the sample with gain ͑␣ / ␣ cr = 0.8͒, dashed line-to passive sample, whereas thin solid line-to the sample with absorption ͉͑␣ / ␣ cr ͉ =1͒. Absorption curve is shown for comparison.
We consider a passive system having alternating layers of dielectric material ͑⑀ = 1 and 1.2͒, and width a. This pair of layers is repeated to create 1000 pairs. One last ⑀ = 1 layer is added to the end to create a stack of 2001 layers. Then the total sample has length L. Randomness is introduced by varying the width of each ⑀ = 1.2 layer. The disorder strength and frequency range are chosen so that the system is in the regime of locally weak disorder ͑a Ӷ ͒; the localization length ϳ L / 5 to L / 10, and single parameter scaling is applicable. 36 Gain or absorption can be included via the imaginary part of the dielectric constant.
We consider an electromagnetic wave of unit magnitude incident on the system. We will distinguish between the cases when the wave is incident from the left and from the right, as defined by the following asymptotic behavior of the electric field:
Here, r L,R ͑͒ , t L,R ͑͒ are the corresponding amplitude reflection and transmission coefficients; T = ͉t͉ 2 and R = ͉r͉ 2 . Wave propagation through the system is modeled using 2 ϫ 2 transfer matrices [37] [38] [39] 
which act on the two-element vector expressing the values of the electric field and its derivative taken at the boundary between the dielectric slabs. Here n i = ⑀ i 1/2 is the refractive index and a i is the width of the iЈth slab.
We use this numerical model to simulate cw response of the random system within certain spectral range. Figure 2 shows a typical distribution of electric field inside random medium and the corresponding transmission and energy E obtained in a single realization. Subsequently, this simulation is repeated for a number of random configurations. In Secs. III B and III C the system is assumed to be passive. The effect of linear gain is considered in Sec. III D.
B. Correlations between T and Ẽ
Motivated by our analysis in Sec. II D, we would like to study the dependence of the ratio between transmission and stored energy in the above wave model. Figure 2͑b͒ shows T and Ẽ as a function of frequency in a single disordered realization. We notice that these two parameters are not closely correlated in the localized regime. Indeed, one can see that unlike the transmission peaks, the peaks in energy are highly dissimilar with some being almost indiscernible. This disparity is an additional source of fluctuation in the ratio T / Ẽ. The goal of this section is to understand this behavior.
The field distribution inside the sample gives a clue why the energy may differ from resonance to resonance. At the off-resonant frequencies one observes nearly exponential decay. Whereas at or in the vicinity of a tunneling resonance, two qualitatively distinct behaviors are observed. They are illustrated in Fig. 3 .
In the first scenario, cf. bold line in Fig. 3 , the electric field grows exponentially from the incident boundary toward the localization center x 0 and falls off after it. For both segments the characteristic length in the exponential dependencies is set by the localization length. Such behavior is attributed 40 to the phenomenon of resonant tunneling via a localized state centered at x 0 .
In the other case, cf. thin line in Fig. 3 , an additional negative exponential segment can be identified ͑notice the change in the direction of incidence, see figure caption͒. Because this type of behavior leads to significantly less energy stored inside the system, the resonances of this type do not show a pronounced spectral peak in Ẽ. Although the localized states with spatial profiles as the one shown in bold in Fig. 3 were studied in Ref. 40 , the second scenario exemplified by the thin line in Fig. 3 was not described in that or subsequent studies by Azbel and co-workers.
We note that multipeaked spatial intensity distribution is expected in case of so-called necklace states 32, 41, 42 when two or more resonant states coexist at ͑almost͒ the same energy in the given disorder realization. Such realizations, however, become less probable deep into the localization regime L ӷ and are not directly relevant in the current context.
We find that, on average, roughly a half of all spectral peaks in transmission do not have the corresponding peak in Ẽ. As it will become evident from the following discussion, the difference in two types of behavior in Fig. 3 originates from the spatial location of the localized state. Indeed, we find that at the frequencies where peaks in transmission and energy occur simultaneously, the center of localization is located close to the incident boundary of the sample. The field distribution is qualitatively similar to the one shown in bold in Fig. 3 . In contrast, at the frequencies where the peak in transmission has a significantly less pronounced ͑or nondistinguishable͒ peak in energy, the center of localization is located in the second half of the sample ͑closer to the exit boundary͒. The field distribution is qualitatively similar to the one depicted with a thin line in Fig. 3 .
Realizing that our system is invariant under the timereversal transformation, one is led to the following observation. A sample with a localized state 0 Ͻ x 0 Ͻ L / 2 automatically yields the L / 2 Ͻ x 0 Ͻ L state in the mirror-image sample or, equivalently, by illuminating the same system from the other end as in Fig. 3 . The reciprocity of the system makes the transmission coefficient the same in both cases. However, the spatial field distribution inside the system and, thus, energy stored, is dramatically different. In Appendix B we show that the effect can be traced to a simple deterministic quantum model and is not specific to random systems. Indeed, the behavior observed in the models described in this section and in Appendix B ͑cf. Figs. 3 and 8͒ can be also obtained in other models. We checked a periodic stack of dielectric slabs as in Sec. III A, but with no disorder. Electric field distribution for the defect state created by changing the width of a single slab in the stack, appear equivalent to that in Fig. 8 .
We conclude this section with a summary of our findings: ͑i͒ based on the analytical models we determine that the position of the center of localization ͑x 0 ͒ directly affects how much energy is stored in the system. ͑ii͒ This variation in stored energy based on the position of the center of localization explains why peaks in energy do not always correspond to the peaks in transmission. ͑iii͒ The presence of a peak in energy can be taken as an indication that the center of localization is located close to incident side of the sample. And otherwise, a peak in transmission without its counterpart in energy is indicative t the center of localization lies closer to the exit boundary.
C. Behavior of T Õ Ẽ in passive random medium: Spectral vicinity of a resonance
In this section we employ the knowledge of the spatial profiles of the resonant states gained in Sec. III B and Appendix B to obtain a closed analytical expression which qualitatively describes the behavior of T / Ẽ in the vicinity of a transmission resonance in terms of relevant system parameters.
In the localization regime, transmission of electromagnetic waves through a random medium occurs via tunneling or, when there exists appreciable spectral overlap with a resonant state inside the sample, via resonant tunneling. Thus, the starting point in our consideration is the simplified expression for frequency-dependent transmission coefficient in the spectral vicinity of a resonance,
where k = / c and t 0 = exp͑−L / ͒ determines the value of the transmission away from the resonance at k 0 . ⌬ is a quantity with the dimensionality of length. It has the physical meaning of the characteristic spatial extent of the region which serves as the resonant "cavity." 43 ⌬ is a model-dependent quantity which is related to the cavity width in deterministic models, see, e.g., Refs. 37 and 44. In the case of random media, ⌬ is the length of the locally transparent region in the sample which serves as a cavity created due to random fluctuation of the disorder. In this system ⌬ is comparable to the localization length. 45 Of course, even within framework of the simplistic model of Appendix B the true expression for the transmission coefficient is more complex than Eq. ͑19͒. However, the latter adequately captures the functional dependence on such parameters as k − k 0 , x 0 , and, L: Eq. ͑19͒ follows from the exact solution in the limit ͉k − k 0 ͉ Յ ␦k and L ӷ ͑which also leads to ␦k Ӷ k 0 condition͒. Here ␦k is the spectral width of the resonance.
Qualitative analogy between a disordered 1D random medium and a deterministic quantum model similar to that in Appendix B was demonstrated in Ref. 45 . Therefore, we expect Eq. ͑19͒ to be also qualitatively applicable in the random layered medium of Sec. III A.
We note two important properties of Eq. ͑19͒. First, the maximum ͑resonant͒ value of the transmission at = 0 is determined by the location of the cavity as T ͑ 0 ͒ = cosh −2 ͉͑L −2x 0 ͉ / ͒. It turns to unity when x 0 = L / 2. Second, 3 . ͑Color online͒ Two types of the on-resonance electric field distribution inside a passive random medium with the center of localization x 0 in the first half ͑bold lines͒ and the second half ͑thin lines͒ of the sample ͑x 0 / L Ϸ 0.25͒. The second case is realized by shining the light onto the same system from the right, which is equivalent to switching boundary conditions from Eq. ͑16͒ to Eq. ͑17͒. Due to reciprocity, the value of transmission coefficient for both cases is exactly the same. However, the amount of energy stored inside the system is exponentially smaller in the second case. The latter resonance does not show noticeable peak in Ẽ͑͒. The dashed lines are the schematic envelope functions formed from segments with exp͑Ϯx / ͒ spatial dependences. The parameters of the system are given in Sec. III A.
when the frequency of the incident light is detuned from the resonance ͉ − 0 ͉ ӷ ␦, the above expression loses it validity-the presence of the other resonant states must be accounted for.
From analysis of random and deterministic models in Sec. III B and Appendix B, cf. Figs. 3 and 8 , we approximate the envelope of the on-resonance electric field distribution as
and
Here A , B , C are constants to be determined from the continuity conditions. At the boundaries we set E͑x =0͒ = 1 and E͑x = L͒ = T 1/2 ͑ 0 ͒. Noticing that E͑x = L , 0 ͒Ϸexp͓−͉2x 0 − L͉ / ͔ yields the following expression for the location for the turning point, x T ͑ 0 ͒ =2x 0 − L, in the case of Eq. ͑21͒. In the context of light propagation in random media, such as in Sec. III A, the Eqs. ͑20͒ and ͑21͒ have the meaning of the typical envelope of the true spatial distribution of the electric field in the random systems with the same values of the parameters ͑ − 0 ͒ , x 0 , , and L.
In both cases above, away from the resonant frequency k 0 , we see three distinct regions,
where x T ͑͒ again has to be determined from the boundary conditions E͑x =0͒ = 1 and E͑x = L͒ = T 1/2 ͑͒. Figure 4 illustrates the obtained electric field distribution for both x 0 Ͻ L / 2 and x 0 Ͼ L / 2 cases. It also makes it clear that the energy stored inside the sample varies from resonance to resonance due to the position of the center of localization x 0 . Indeed, integrating Eqs. ͑20͒ and ͑21͒ gives us the sought expression for Ẽ͑͒. At = 0 it simplifies to
This expression is plotted in Fig. 5 . It shows dramatic disparity between the cases x 0 Ͻ L / 2 and x 0 Ͼ L / 2. Equation ͑23͒ also shows that even at the frequency of the resonance the amount of energy stored inside the system becomes essentially the same as an off-resonant case for x 0 Ͼ 2L / 3. The latter value of x 0 is independent of any other parameters of the systems such as , L, etc.
When expressions in Eqs. ͑19͒ and ͑23͒ are combined to form the ratio T / Ẽ, one obtains highly asymmetric dependence on the position of the center of localization x 0 , cf. Fig.  5 . The ratio increases approximately exponentially for 0 Ͻ x 0 Ͻ 2L / 3 and falls off also exponentially in the interval 2L / 3 Ͻ x 0 Ͻ L. This observation confirms our previous conclusion on the sensitivity of the T / Ẽ on x 0 . In the next section we study the effect of ͑linear͒ optical amplification on this quantity.
D. Behavior of T Õ Ẽ in active random medium
As we observed in Sec. II D, a change in T / E with gain is indicative of a modification of the intensity profile inside a diffusive slab. Similar conclusions can be made in the localized regime. Our simulations demonstrate that a change in T / Ẽ indeed signifies the modification of the field distribution inside the random medium. Interestingly, we find that such modifications can be very dramatic in the localization regime.
To illustrate the effect of linear gain on the spatial profile of the EM field, we employ the deterministic ͑nonrandom͒ ͑Color online͒ The dependencies of T ͑͒ ͓͑a͒ and ͑b͔͒; envelope of the electric field E͑x͒ ͓͑c͒ and ͑d͔͒; and energy in the system Ẽ͑͒ ͓͑e͒ and ͑f͔͒, are plotted in the spectral vicinity of a transmission resonance associated with a defect in the periodic stack of alternating dielectric layers. The plots ͓͑a͒, ͑c͒, and ͑e͔͒ and ͓͑b͒, ͑d͒, and ͑f͔͒ are obtained for the defect located at x 0 = L / 4 and x 0 =3L / 4, respectively. In the latter case was realized by changing the direction of illumination to that given by Eq. ͑17͒-wave incident from the right-for easy comparison with Figs. 3 and 8. In the first case, the defect center is closer to the incident boundary whereas in the second case it is closer to the exit boundary. Three sets of E͑x͒ in ͑c͒ and ͑d͒ are computed at the frequencies marked with dots in ͑a͒, ͑b͒, ͑e͒, and ͑f͒. The envelopes illustrate the on-and off-resonance field profiles and confirm the applicability of our approximation in Eqs. ͑20͒-͑23͒. For the second case when the defect center is located near the exit boundary, the amount of energy stored inside the medium is dramatically lower. In this case, unlike T ͑͒, Ẽ͑͒ does not exhibit any noticeable features around 0 , compare ͑e͒ and ͑f͒. This effect leads to the asymmetry between 0 Ͻ x 0 Ͻ L / 2 and L / 2 Ͻ x 0 Ͻ L in the T / Ẽ as discussed in Sec. III B and Appendix B.
model of the periodic stack of alternating dielectric layers with a defect ͑see Sec. III C͒. The gain is simulated by adding a spatially constant imaginary part to the dielectric constant of the medium as ⑀͑x͒ → ⑀͑x͒ + i␣. As previously discussed in Sec. I, such modeling of stimulated amplification is justified for values of gain up to the threshold for random lasing.
The results of our simulations are plotted on Fig. 6 . One can see the strong enhancement of the electric field in the vicinity of the center of localization for the defect located in the farther half of the sample. Such enhancement is accompanied by the shift of the turnaround point x T , where the negative exponential crosses over to the positive exponential behavior, toward the sample boundary. At a certain value of the gain parameter, the negative exponential segment of the E͑x͒ disappears and the field profile assumes the limiting shape which coincides with that under excitation from the opposite boundary of the system. The above observations also hold in the random medium model of Sec. III B.
At first glance, the modification of the field profile due to gain seems to disagree with the conclusions in Refs. 46-48 where ͑in localized regime͒ little or no change in the field pattern was found with an increase in amplification. The apparent discrepancy can be explained if one compares the methods used to excite the system. In our work, we consider the transmission experiment setup, whereas in the previous works 46-48 the system is excited throughout its entire volume or relatively close to the center of localization. Under such excitation conditions, the situation shown in Fig. 6͑a͒ is always realized. 49 We also note that the mode distribution in Fig. 6͑b͒ is observed to converge to that in Fig. 6͑a͒ when the gain approaches its critical value. Then the field distribution is maintained by the gain with little reliance on the incident energy.
Below we provide a simple physical picture for the modification of the electric field with an increase in optical gain.
We start by considering the passive system. We recall that our sample is an open system where a wave is incident onto the system and one observes the scattered ͑reflected and transmitted͒ signals. Under these conditions a cw solution of the Maxwell equations with the given frequency is a complex function. The complex conjugate of such a solution is also a ͑linearly independent͒ solution for the same frequency. In general, any two ͑because Maxwell's equation is the second-order differential equation͒ linearly independent solutions can be used as a basis for expressing any other solution at the same frequency . Now we would like to consider two particularly important solutions of the Maxwell equation in the random 1D sample with the boundary conditions defined by Eqs. ͑16͒ and ͑17͒. They correspond to the left-and right-incident cases, respectively, as considered in Sec. III B and Appendix B with r L,R ͑͒ , t L,R ͑͒ being the corresponding amplitude reflection and transmission coefficients. To check the linear independence of these two solutions it suffices to verify that their Wronskian ͓it is independent of x in our model of disorder ⑀͑x͔͒ is nonzero for one particular value of x. At x = 0 the Wronskian can be computed from the boundary conditions Eqs. ͑16͒ and ͑17͒ as −2it R ͑͒ / c 0.
At some special frequencies c , a linear combination We now turn to the case of random medium with gain, ␣ Ͼ 0, and consider the spatial field distribution obtained when system is illuminated from the left, E ͑L͒ ͑x , c , ␣͒, and from the right E ͑R͒ ͑x , c , ␣͒, cf. Fig. 6 . In this case, the distributions can no longer, strictly speaking, be expressed in terms of E L,R ͑x , c ͒ϵE ͑L,R͒ ͑x , c , ␣ =0͒. However, in the regime of localized transport considered here, ␣ Ͻ ␣ cr Ӷ c , the deviation from completeness of the basis E L,R ͑x , c ͒ are to remain small so that the dependence of E͑x , c , ␣͒ on gain can be still reliably approximated by ␣-dependent C L ͑␣͒,
The applicability of the approximation in Eq. ͑24͒ is verified numerically by computing
Figures 7͑b͒ and 7͑c͒ show C L,R ͑L͒ ͑␣͒ and C L,R ͑R͒ ͑␣͒, respectively. Here we select a random realization with a localization center at x 0 ϳ L / 4 where passive profiles, depicted in Fig. 7͑a͒, show III D, cf. Fig. 6 , that the modification of the electric field distribution with an increase in amplification strength is possible in the localized regime. Here we have shown that it occurs due to the existence of two possible mode profiles ͑at the same frequency͒, of which only one strongly resembles the solution of the system with closed boundaries. It is the function with no turning point which defines the lasing mode in the vicinity the threshold for random lasing.
Finally, we note that the solutions E L,R ͑x , ͒ should not be confused with the quasimode E͑x , c + i͒ of the system with the outgoing boundary conditions obtained at the complex frequency c + i where, e.g., transmission becomes singular. Such quasimodes are often invoked in discussion of modes involved in random lasing. However, for a uniform gain in the form ⑀͑x͒͑1+i␣͒ the dominant mode profile E ͑L͒ ͑x , c , ␣ cr ͒ does indeed coincide with the quasimode due to equivalence between ⑀͑x͒͑1+i␣͒ c / c and ⑀͑x͒͑ c + i͒ / c.
IV. DISCUSSION AND OUTLOOK
In this work we have studied the relationship between transmission of light through passive and active random me- ͑L,R͒ ͑x , c , ␣͒ are found to be qualitatively similar to those in Fig. 6 . We decompose them in terms of the functions shown in ͑a͒, and the resulting coefficients C L,R ͑L͒ ͑␣͒ and C L,R ͑R͒ ͑␣͒, defined in Eq. ͑25͒, are plotted in ͑b͒ and ͑c͒, respectively. We find that the close resemblance between E L ͑x , c ͒ and E ͑c͒ ͑x , c ͒ ͑the solution in the closed system͒ makes it the dominant limiting profile in the vicinity of threshold for random lasing, regardless of the direction of excitation. In all three panels, thick/thin curve and large/small symbols refer to E L ͑x , c ͒ / E R ͑x , c ͒. dia and the amount of the electromagnetic energy stored in it. The ratio of these two quantities does not show a tendency to diverge with an increase in the gain strength and, thus, is a good candidate for a parameter which can quantify the enhancement of the mesoscopic phenomena random medium with amplification. [14] [15] [16] In Sec. II we established a connection between the ratio of the ensemble-averaged quantities T / E and the spatially dependent diffusion coefficient, Eq. ͑4͒, in a passive random medium. This relationship implies that a deviation ͑decrease͒ in the T / E from the value given by that expression with the classical unrenormalized diffusion coefficient D͑z͒ϵD 0 = cᐉ / 3 may be attributed to the localization effects.
In Sec. II D we obtained the expressions for T and E in the diffusive random medium with amplification. Drawing an analogy with the passive systems, we conjecture that the decrease in T / E below the level established by Eq. ͑15͒ may be interpreted as a manifestation of an enhancement of mesoscopic correction in transport in systems with gain. We plan to examine the validity of this conjecture in future work.
We argue that in random media with strong sample-tosample fluctuations, such as systems with large gain or strongly scattering media, the ratio between T and Ẽ from the same disorder realization needs to be formed before performing statistical averages. This led us to investigate the relationship between these two parameters in systems in the localized regime, cf. Sec. III. Although the ratio T / Ẽ does not tend to diverge when gain is added, it exhibits additional fluctuations due to the sample orientation ͑or, equivalently, the direction of the incident wave͒ even in the passive system, cf. Sec. III B. In Sec. III C and III B we attribute to the fluctuations to the dependence on the position of the localization center inside the system. This is unlike the transmission T , which is independent of direction of illumination ͑be-cause of reciprocity͒-it is the same for both field distributions depicted in Fig. 3 . One possibility to generalize the transmission in the active random media, while retaining the desired cancellation of the divergence in the vicinity of the threshold for random lasing, is to consider the modified parameter similar to the one studied in this work: T G ͑␣͒ = ͓T ͑␣͒ / Ẽ͑␣͔͒ ϫ Ẽ 0 . Here Ẽ 0 ϵ Ẽ͑␣ =0͒ is the energy stored in the random medium with no gain. All quantities entering the expression for T G should be evaluated for each disorder realization prior to any statistical analysis. By construction, T G ͑␣͒ reduces to the transmission in a 1D system without gain ͑␣ → 0͒ and can be generalized in the higher dimensional systems as the ͑average͒ dimensionless conductance upon statistical averaging. Hence, one can refer to T G as generalized transmission ͑conductance͒.
In future, we plan to investigate both theoretically and experimentally the statistical properties of both T ͑␣͒ / Ẽ͑␣͒ and T G ͑␣͒ in random medium with gain. Experimentally, all quantities entering their definition can be determined from near-field scanning measurements in two-dimensional random media-structurally disordered semiconductor films. This opens up a possibility to corroborate and extend the results of this study. We consider a slab geometry, where we explicitly separate the coordinate z normal to the slab from the perpendicular component as r = ͑ , z͒. Assuming no dependence on allows us to rewrite Eq. ͑1͒ in the form
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In the cw regime when the energy density W͑z͒ is stationary, ‫͗ץ‬W͑z͒͘ / ‫ץ‬t = 0, it follows from Eq. ͑2͒ that the z component of flux is constant for z Ͼ z p ϳ ᐉ. The value of the constant can be obtained from the boundary condition at z = L as
where T is the transmission coefficient. Furthermore, by integrating Eq. ͑2͒ over the entire system we obtain the flux conservation
After establishing Eq. ͑A2͒, we can return to finding the energy stored inside the system from Eq. ͑A1͒. An integration over z gives The energy density ͗W͑L͒͘ at the right boundary can be expressed in terms of right-and left-propagating fluxes ͗J + ͑L͒͘ = J 0 T, ͗J − ͑L͒͘ = 0 using Eq. ͑10͒. We obtain ͗W͑L͒͘ =2J 0 T / c. To take advantage of the fact that ͗J z ͑z͒͘ is piecewise constant, cf. Eq. ͑A2͒, we have to neglect by 0 Ͻ z Ͻ z p contribution. This introduces an error ϰz p / L ϳ ᐉ / L Ӷ 1, but at the same time allows one to factorize T and D͑z͒ contributions as
Before proceeding further, we note that the second term in the brackets is of the same order ϳᐉ / L as the term omitted in arriving to the above expression. Hence, 2 / c contribution has to be dropped as well. A subsequent integration of Eq. ͑A4͒ gives
Taking advantage of the system symmetry, D͑z͒ = D͑L − z͒, the double integration can be further simplified as
͑A6͒
After normalizing the integral so that it yields unity in the case when the wave interference effects are neglected, D͑z͒ = D 0 ϵ cᐉ / 3, we obtain Eq. ͑4͒.
APPENDIX B: DEPENDENCE OF T Õ Ẽ ON POSITION OF THE DEFECT STATE: NONRANDOM MODEL
In this section we show that the origin of orientationdependent energy content as in Fig. 3 can be traced to a quantum mechanical tunneling problem in the system which is comprised of a potential well surrounded by two barriers of finite height.
A clarification is in order. There is no one-to-one analogy between the solutions of Schrödinger and Helmholtz equations. 50 Indeed, John 51 pointed out that the effective energy of photons always exceeds the highest effective potential barrier so that concept of quantum mechanical tunneling cannot be, strictly speaking, applied to the electromagnetic waves. However, in the dielectrics with an inherent periodicity 52 ͑e.g., disordered photonic crystals͒, the negative energy and, thus, tunneling regime can be recovered. To achieve this formally, the periodicity has to be eliminated via a suitable effective-medium transformation, as in e.g., Refs 45, 53, and 54.
Here we consider the potential which consists of two barriers separated by a well. In particular, we will be interested in comparing spatial dependence of the wave function for the well located in the first ͑at x 0 = L / 4͒ and the second ͑at x 0 =3L / 4͒ half of the system. The potential profile is shown with dashed line in Fig. 8 . As in Sec. III B, x 0 =3L / 4 is realized by changing the direction of illumination.
The straightforward solution of the Schrödinger equation leads to a transmission resonance ͑due to resonant tunneling via quantum state in the well͒ at the energy below the barriers height. Figure 8 plots the corresponding wave functions at the energy of the resonance. As it is clearly visible in logarithmic scale, the transmission through the barrier is the same for the well at L / 4 and 3L / 4, despite of the drastically different amplitude of the wave function in the sample. The structure of the wave functions is qualitatively similar to that of the periodic-on-average random medium defined in Secs. III A and III B. In the case of x 0 =3L / 4 defect, the exponential decay extends from the incident boundary through x T , where x T is the turning point. The position of x T is determined by ensuring that the transmission coefficient remains the same in both cases shown in Fig. 8 , as required by the reciprocity of the problem.
The non-monotonic behavior of the wave function can be understood intuitively as follows. In the barrier regions there exist two eigensolutions with exponentially increasing and exponentially decreasing amplitudes ͑in the electromagnetic problem, the envelope of the electric field plays the role of the amplitude͒. Balance between these two components is determined from the boundary conditions. It appears that in the x 0 =3L / 4 case, the exponentially increasing component has very small magnitude at the incident boundary but becomes dominant at the turning point x T . In contrast, when the defect lies close to the incident side, the exponentially increasing component is dominant starting at boundary of the sample. The above observation confirms our results obtained using the random model in Sec. III. *yamilov@mst.edu
